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Abstract: In a recent article (Lee, M. S.; Salsbury, F. R. Jr.; Brooks, C. L., III. J Chem Phys 2002, 116, 10606), we
demonstrated that generalized Born (GB) theory provides a good approximation to Poisson electrostatic solvation energy
calculations if one uses the same definitions of molecular volume for each. In this work, we present a new and improved
analytic method for reproducing the Lee–Richards molecular volume, which is the most common volume definition for
Poisson calculations. Overall, 1% errors are achieved for absolute solvation energies of a large set of proteins and
relative solvation energies of protein conformations. We also introduce an accurate SASA approximation that uses the
same machinery employed by our GB method and requires a small addition of computational cost. The combined
methodology is shown to yield an efficient and accurate implicit solvent representation for simulations of biopolymers.
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Introduction

At present, the majority of biomolecular simulations are performed
with an explicit representation of the solvent molecules. Recent
progress, however, has been made with implicit solvent models,
such as generalized Born (GB).1–8 The GB model is an approxi-
mation to the Poisson electrostatic solvation model, which is a
continuum dielectric model of the solvent. First, GB calculations
should be able to match Poisson results. However, the Poisson
solvation energy of a set of point charges is a unique quantity only
insofar as the boundary conditions are defined, that is, the dielec-
tric boundary of the solute, and this is related to the definition used
for the solute volume.

The most naı̈ve definition of the solute volume is a superposi-
tion of atomic van der Waals (vdW) spheres, also known as the
vdW volume.9 This definition produces small high-dielectric cav-
ities in the interior of a solute. This is an artifact that necessarily
leads to overestimation of the solvation energy. Alternatively, in
the solvent-accessible volume model, the vdW spheres are aug-
mented by a probe radius, for example, 1.4 Å, to remove these
problematic high-dielectric gaps. However, the resultant surface of
the solute becomes overextended by the probe radius, which leads
to the solvation energy being instead systematically underesti-
mated. A compromise between these two approaches, known as

the molecular surface,10 is to start with the solvent-accessible
model and remove the volume along the surface by carving out
water probes whose centers lie on that surface. The resulting
volume, which is enclosed by the molecular surface, shall be
termed the standard molecular volume (SMV). It has a boundary
similar to that of the vdW volume without the problematic interior
high-dielectric gaps. The SMV definition would be the solute
volume of choice if it were not for one significant drawback, that
is, that it does not have smooth differentiability with respect to
atomic displacements for certain configurations of atoms.11 This
problem would lead to unphysically large forces in a molecular
dynamics simulation.

Nonetheless, almost all GB methods in the literature attempt to
mimic SMV-based Poisson solvation energies. The GB energy is
a sum of two contributions: the self-polarization of each individual
atom and the cross-polarization of all pairs of atoms. The cross-
polarization of two atoms is uniquely defined, in GB models, by
three values: the distance between the two atoms and the self-
polarization energies of each atom. Thus, the key to getting good

Correspondence to: C. L. Brooks III; e-mail: brooks@scripps.edu

*Present address: Department of Physics, Wake Forest University,
Winston-Salem, NC 27106.

© 2003 Wiley Periodicals, Inc.



agreement between GB and Poisson results lies in the accurate
calculation of the atomic self-polarization energies. It has been
shown in a previous article8 that given accurate self-polarization
energies the GB model can reproduce Poisson solvation energies
to �1% accuracy. Several GB approaches that are designed to
obtain atomic self-polarization energies have been presented in the
literature. They can be roughly divided into two classes: atomic
pair summations2–5 and surface/volume integrations.1,6–8 All of
the atomic pair-based methods are analytic with respect to atomic
position and can be used in energy minimizations and molecular
dynamics simulations. In most of the GB surface/volume integra-
tion literature, on the other hand, gradients with respect to atomic
positions have yet to be implemented. The one exception, so far, is
the analytic GB method of Lee et al., which performs numerical
integration over an analytically defined volume.

Arguably, the most accurate GB algorithms are the volume
grid-based method of Lee et al. and the surface grid-based ap-
proach of Ghosh et al.7 Both of these schemes utilize the SMV
definition to mimic SMV-based Poisson calculations. In Lee et al.,
for example, atomic self-polarization energies are obtained by
volume integration over the SMV and the addition of a simple
empirical correction to the Coulomb field approximation. Both
absolute solvation energies of a large protein dataset and relative
solvation energies for two sets of protein conformations were
obtained with �1% accuracy compared to the benchmark Poisson
results. Further, the method was rigorous in that it required only
two adjustable parameters. Nevertheless, neither the method of
Lee et al. nor the method of Ghosh et al. have well-defined
gradients with respect to atomic position. This is because of the
above-stated problems with the underlying SMV definition.

One way to circumvent this issue might be to redefine the
solute volumes for benchmark Poisson calculations. An alternative
volume definition, which allows for differentiability, is a superpo-
sition of atomic spherically symmetrical functions.12,13 In these
models, however, a compromise must be made between achieving
a good surface definition and minimizing interior voids. Thus,
while such models provide robust definitions in their own right,
they are not as physically justifiable as the original SMV defini-
tion.

The primary goal of this work is to introduce a new analytic
volume model for GB that closely approximates the SMV defini-
tion yet also allows for smooth differentiability with respect to
atomic displacements. This model is based on a superposition of
atomic functions with one key twist: a vector-based scaling term
that corrects the usual discrepancies that occur in a superposition
approach. The general problem of matching superposition volumes
to SMV can be seen for the case of two atoms in Figure 1. Usually,
the size of the atomic functions is a balance between trying to get
the correct volume for two touching atoms and for two nontouch-
ing, but nearby, atoms. As can be seen in Figure 1, if large radial
functions are used to fill in the void between nearby atoms the
model will produce an unphysical bulge when the atoms are
touching or interpenetrating. On the other hand, if small radial
functions are used to get the right volume for two touching atoms
then the model will have a void when the atoms are slightly apart.
The solution to this problem is to consider the vectors from a
volume point of interest to the two atomic centers. The sum of the
two vectors will add constructively if the volume point is off-axis.

On the other hand, the two vectors will add destructively if the
volume point is near the axis. Thus, vector summation is a simple
criterion to differentiate between off-axis and near-axis regions. It
follows that our novel scaling term is an inverse measure of this
vector summation, such that the near-axis regions can be amplified
and the off-axis regions can be attenuated. This technique also
works well for clusters of more than two atoms. With this new
analytic approximation to the SMV definition, an analytic GB
method is presented here that can reproduce SMV-based Poisson
solvation energies to nearly the same degree of accuracy as the
original grid-based approach.

It should be pointed out that analytic gradient calculations have
been attempted with both surface-mesh and volume-grid Poisson
methods.11,14,15 These Poisson methods are appropriate for energy
minimizations on small molecules. However, for larger systems it
is not clear, given the exact SMV definition, that the derivatives
will be finite for all possible configurations of atoms. For example,
as a gap is formed in the interior of a solute there will come a point
when a water probe will suddenly be able to fit. At this point, the
forces will become infinite.11

Using the same machinery employed in our analytic methods,
we can also calculate an approximation to the solvent-accessible
surface area (SASA) with little additional computational cost. Our
new surface area methodology is at least as accurate as most fast
pair-based schemes.16,17

In the remainder of this article, the original analytic GB scheme
of Lee et al. and the new GB method are discussed. In the Results
section, the differences between the solute volumes used in the old
and new methods are illustrated graphically. Also, accuracies of
solvation energies for the old and new methods are compared to
the grid-based approach. Further, our new approximate surface
area scheme is evaluated against exact analytic results. Finally, we
summarize and discuss future directions.

Theory and Implementation

The GB molecular volume (GBMV) method was originally de-
tailed in Lee et al.8 The methodology has been improved in several

Figure 1. Schematic diagram comparing the SMV definition to vol-
umes obtained by superposition of atomic functions with large and
small radial extents. The cases illustrated here consist of two equally
sized atoms. The circles with the letter “W” inside of them indicate
water probes.
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respects. Here, we give an overview of the original analytic model
and detail the differences between our old and new approach.

In modern GB theory, devised by Still and coworkers,1 the
implicit electrostatic solvation energy of a solute with dielectric,
�solute, and solvent, �solvent, is a summation over atom pairs,

EGB � k �
i, j

qiqj

�rij
2 � �i�jexp��rij

2 /Ks�i�j�
(1)

where indices i and j loop over atoms, qi is the atomic charge on
atom i, rij is the distance between atoms i and j, and k � �166.0*
(�solute

�1 � �solvent
�1 ) when the energy is expressed in kcal/mol and

the units of distance are Å. The Born radii of the atoms, �i, are
inversely proportional to the atomic self-polarization energies,
�i � kqi

2/Gi
pol [see eq. (2)]. The constant, Ks, in the original Still

equation is equal to 4. Other possible values have been suggested
in the literature.2,18 We found Ks � 8 to be nearly optimal for
calculation of solvation energies.19 Regardless of the Ks value
used, given an accurate calculation of the Born radii, the GB
solvation energy can achieve a mean unsigned error of 1% with
respect to the Poisson energy.8 Thus, the crux of the problem in
GB theory is the calculation of the Born radii and hence the atomic
self-polarization energies. It was shown in Lee et al. that given a
faithful representation of the molecular volume, V, one could
derive accurate self-polarization energies, Gi

pol, using the follow-
ing empirical formula:

Gi
pol � �k�1

R
�

1

4� ���
�r��x� i��R

V�r��

�r� � x�i�4
dxdydz�

� kP� 1

2R2 �
1

4� ���
�r��x� i��R

V�r��

�r� � x�i�5
dxdydz (2)

where R is a value less than or equal to the vdW radius of atom i,
Ri. The first term in eq. (2) is the negative of the Coulomb field
approximation and the second term is an empirically derived
correction term. The constant, P, should equal 2�2 to achieve the
correct single atom limit; however, slightly different values were
used in Lee et al. as a results of parameter optimization. Another
alternative formula, which we will henceforth use in our new GB
model, has also been empirically obtained and achieves a modestly
better fit to Poisson radii:

Gi � k�1 �
1

�2��Ri
�1 �

1

4� ��
Ri

� V�r��

�r� � x� i�4 drd	�
� k� 1
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1
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� V�r��

�r� � x� i�7 drd	� 1/4

(3)

It is likely that a general equation of the form
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(4)

may be used to obtain even closer fits to Poisson radii. Each term
has the correct dimensions of energy. However, the actual coeffi-
cients of this summation, at present, must be derived empirically
through fitting. Also, it is not clear whether an exact solution to the
problem can be achieved with this particular form.

Solute Volume Definitions

The solute volume in Poisson solvation energy calculations that we
intend to mimic is the standard molecular volume (SMV) with a
water probe radius of 1.4 Å. This volume is usually constructed in
two steps: First, a solvent-accessible volume is constructed by the
superposition of atomic spheres with radii that are 1.4 Å larger
than their van der Waals radii. Then, 1.4-Å water probes with
centers along the solvent-accessible surface are carved out of this
solvent-accessible volume.

In Lee et al., two GB models were introduced. The first model
entailed building the SMV volume on an arbitrarily precise nu-
merical grid. This led to the accurate calculation of atomic self-
polarization energies. The other model, which will be denoted
GB-MV1, used an analytic approximation to the SMV and was
less successful at accurately reproducing self-polarization ener-
gies. For GB-MV1, a preprocessed molecular volume is built up as
a superposition of atom-centered quartic exponentials*:

Aj�t�j� � exp��j	t�j	4�, SMV1�r�� � �
j

Aj�t�j�, with �j �
�0ln���

Rj
4 (5)

where Rj is the vdW radius of atom j, t�j � r� � x� j, x� j is the center
of the atom j, and �0 and � are adjustable parameters. This
preprocessed molecular volume, SMV1(r�), is then quenched, via a
Fermi–Dirac switching function,20 to produce a function V, which
is bounded between 0 and 1,

VMV1�r�� �
1

1 � exp�	�SMV1�r�� � ���
(6)

where the adjustable parameter, 	, controls the width of the
switching function and � determines the midpoint. The GB-MV1
method performs satisfactorily for absolute solvation energies
compared to Poisson calculations. However, another conventional
analytic GB model5 produces slightly better relative solvation
energies across a range of protein conformations when an implicit

*In Lee et al., we had a typographical error in the equation that is
correct here.
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hydrogen force field, PARAM19,21 is used. The primary reason
that this model does not work well was that a unique parameter-
ization to find balance between touching atoms and nontouching,
but nearby, atoms could not be found.

To clarify the derivation of a closer approximation to the SMV,
two definitions are needed. A “gap region” is an open space inside
a cluster of atoms. On the other hand, an “open” region is an open
space outside a cluster of atoms. The main problem in superposi-
tion methods is that even when an optimal-sized atomic function is
obtained the gap regions tend to be underfilled and the open
regions tend to bulge. Thus, what is needed is a means to identify
these two regions and correct their respective behaviors.

Consider the vectors joining, t�j, the point of interest, r�, and
each atomic center, x� j. Vectors that point to a gap region will
typically add destructively, while vectors that point to an open
region will usually add constructively. Thus, the resultant vector is
a means to identify gap and open regions. Accordingly, our new
model, which we will call MV2, enhances the gap regions and
diminishes the open regions through the use of a scaling factor that
is an inverse measure of the normalized resultant vector just
described:

SMV2�r�� � S0
�
j

FMV2�	t�j	�� �j 	t�j	2FMV2
2 �	t�j	�

��j t�jFMV2�	t�j	��2 , (7)

where S0 is an adjustable empirical parameter and FMV2 is a
spherically symmetrical atomic function described below. The first
bracketed term is a superposition of atomic volumes similar to the
original definition, SMV1. The second term, however, is a scaling
factor in which the numerator is a sum of the magnitudes of each
vector and the denominator is the magnitude of the resultant sum
of the vectors. The numerator acts as a normalization term for the
denominator. Note that the vectors are weighted by the atomic
functions. This assures that only the relevant vectors contribute to
the determination of the scaling factor. Further, it should be noted
that large values of SMV2 that may result from small denominators
are quenched by the switching function defined above. Denomi-
nators below a certain threshold, for example, 10�14, are pegged to
10�14 for numerical purposes only.

Given that we are trying to reproduce the SMV as closely as
possible, we re-evaluated the use of various atomic functions.
There are a few guidelines for choosing an optimal atomic function
for this problem. First, the function should have a value greater
than or equal to one inside the vdW sphere. Second, the tail of the
function should decay monotonically from one at the vdW surface
to approximately zero at about 2.8 Å from the spherical surface.
Third, the tail should have a similar decay length regardless of the
size of the atom. One of the most obvious functions that satisfies
these three criteria is the exponential function, F(t�j) �
exp(��[	t�j	 � Rj]). It turns out that satisfactory results can be
obtained with a single value of � � �1.98 for all atomic radii.
However, because we desired to make the atomic function as
computationally inexpensive as possible, we decided to avoid the
exponential and square root evaluations that would be necessary
with this function. Instead, we chose the function

FVSA�t�j� �
Cj

2

�Cj � 	t�j	2 � Rj
2�2 , Cj � P1Rj � P2 (8)

where P1 and P2 are empirically fitted parameters. This function
does a satisfactory job in mimicking the tail of the exponential.
Because there are now two parameters, this function can actually
be fit to provide slightly better results than the exponential. In
practice, we smoothly truncate the tail of this function to zero in
the range of 1.9–2.1 Å using the polynomial switching function, f,
which is described below. This truncation improves computational
speed somewhat without significantly affecting accuracy. Actu-
ally, truncation can improve the quality of the MV2 model at large
internuclear separations where spurious features may arise (see
Results).

The previous analytic function, SMV1, monotonically increases
as atoms are summed into the formula. This means that when the
summation reaches a threshold value the summation can be im-
mediately terminated. In the new model, however, the summation
over atoms cannot be terminated early because the vector-based
scaling term is nonmonotonic. For this reason, the new model has
approximately double the computational cost of the MV1 method.
One way to reduce computational cost is to probe a vdW volume
before evaluating the MV2 function. At the least, the vdW volume
is a subset of the SMV. Thus if a point of interest, r�, is inside the
vdW volume, the more complicated MV2 function need not be
evaluated. The vdW volume, in our scheme, is a superposition of
switching functions, f, with vdW radial extents and short tails. The
mathematical definition of our vdW volume is as follows:

SvdW�r�� � 2 �
j

f�uj� (9)

where

uj �
	tj	2 � �Rj � t��2

�Rj � t
�2 � �Rj � t��2 (10)

and

f�u� � 
 1 u 
 0
1 � 10u3 � 15u4 � 6u5 1 � u � 0

0 u � 1
� (11)

where t- and t
 denote the minus and plus widths of the atomic
vdW function, respectively. The factor of 2 in eq. (9) guarantees
the vdW function will drop off starting at the vdW surface. After
some testing, the following values have been assigned: t� �
�0.125 Å and t
 � 0.25 Å. The fifth-order polynomial, f, was
chosen because it has continuity up to second derivatives at the u
� 0 and u � 1 boundaries. The vdW volume, SvdW, is added to the
preprocessed MV2 volume, SMV2, before the switching function
[eq. (6)] is applied. To guarantee smoothness in the molecular
volume in the region where the MV2 model and the vdW volume
intersect, the MV2 atomic function, FMV2, is switched on using the
scaling factor, 1 � f, in reverse of the vdW volume being turned
off. As mentioned above, the truncation of the MV2 atomic func-
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tion is achieved by scaling with the same function, f(uj), except
that for this case t
 �1.9 Å and t� � 2.1 Å.

In our previous model, MV1, we transformed the radii with a
shifting factor, �0. We also modified the coefficient, P, in the
second term of eq. (2) from its ideal value. In our new model, we
use eq. (3) instead and do not alter its coefficients. Instead, we
apply a linear transformation, �1 � C1�i 
 C0, to improve the fit
of the MV2 radii to Poisson-derived Born radii.

Supporting Algorithms

For any choice of volume function, the integrals in eqs. (2) and (3)
are approximated by standard numerical quadrature techniques
that were detailed in Lee et al.8 To briefly summarize, however, the
integrals are split up into radial and angular components. The
angular integral was approximated in the MV1 scheme as a sum-
mation over the 20 vertices of a dodecahedron. However, in the
new scheme the 38-point Lebedev angular grid22 is used because
it provides improved accuracy. Further, alternating between 0°/90°
Z-axis rotation of the angular grid at successive radial points
improves results with no added cost. The radial integral is approx-
imated by a Riemann–Stieltjes summation23 of the form

�
Ro

RMAX

r2
V�r�

rn dr �
1

n � 3 �
w�1

m�1

V�qw � qw
1

2 �
 1

qw
n�3 �

1

qw
1
n�3� (12)

The integration points, qm, have been modified from Lee et al. to
achieve better efficiency and accuracy. The following new series
(in Å) is used: {0.1, 0.2, 0.3, 0.4, 0.5, 0.75, 1.0, 1.5, 2.0, 2.5, 3.0,
4.0, 6.0, 8.0, 10.0, 14.0, 18.0}. The number of integration points
necessary for a particular atom varies with the vdW radius of the
atom. The first radial point needed for an atom is the largest value
smaller than the vdW radius of that atom.

For both analytic models, GB–MV1 and GB–MV2, a lookup
table needs to be generated so that at each integration point the
atoms contributing to the solute volume function at that point can
be quickly determined. The algorithm for generating a lookup table
was first described in Lee et al. We repeat the description here
because we have updated the approach and made a few changes
specifically for the MV2 model. The lookup table spans a spatially
uniform cubic grid. At each grid point, all the atoms that can
possibly contribute to the cubic cell are stored. An atom contrib-
utes to a grid cell if it is less than a distance, rmax, from the center
of the cell, where rmax is defined as

rmax � Ri � 2.1 �
�3

2
c � rbuffer (13)

where the parameter, c, is the width of the grid cells, the value 2.1
Å is the length of the tail of the MV2 atomic function as prescribed
above, and rbuffer is a user-adjustable length that determines how
far any atom can move from its initial position before the entire
lookup table needs to be rebuilt.

There are two steps in our lookup table method. The first
procedure is a loop over all atoms, where each atom is “painted”

onto the grid points to which it could contribute. Two passes over
all atoms are made. The first pass counts the number of atoms that
contribute to each grid cell so that the right amount of memory can
be allocated to each grid cell. The second pass actually generates
the list of atoms per grid cell. After the painting process is
complete, the second step is to sort the relevant atoms for each grid
cell based on how relevant they are to that cell. The criterion that
we use for an atom i is 1 � d2/Ri

2, where d is the distance between
the cell center and atom center. Larger values of the criterion
indicate that an atom is more relevant to a cell. The sorting
procedure reduces the amount of work performed by the numerical
integration procedure because if an integration point taps the
interior of the vdW volume function the summation for that point
can be immediately terminated.

There are certain computational issues to consider with the
lookup table procedure. First, the lookup table method requires a
certain amount of computational time. Thus, it is probably not
desirable to build a lookup table every time the Born radii are
computed. Increasing the value of rbuffer reduces the frequency of
rebuilding the lookup table. However, it also leads to more mem-
ory usage and slower integration because the number of atomic
neighbors per integration point is increased. We have found that
values of rbuffer from 0.5–1.0 Å provide a reasonable balance of
time and memory.

SASA Approximation

With the numerical integration and lookup table algorithms in
place, it is relatively easy to implement an approximate analytic
calculation of the solvent accessible surface area.9,24 Consider
each atom, i, to have an enlarged spherical function with a radius
equal to Ri 
 1.4 Å. Then, in a method we will denote SASA-1,
we find the approximate exposed surface area of atom i by scan-
ning the enlarged surface through a series of angular integration
points. If an integration point is inside the spherical function of
another atom, then it is considered buried. The exposed surface
area of atom i, 
 i , is the total surface area of the enlarged sphere
minus the weighted angular points that are buried:


i � 4��Ri � 1.4�2 � �
m

wmf
 �
j

f�umij�� , with 
 � �
i


i

(14)

where

umij �
	r�m � x� i � x� j	2 � �Rj � t�

SA�2

�Rj � t

SA�2 � �Rj � t�

SA�2 , (15)


 is the total surface area of the system, wm are angular integration
weights, the widths, t�

SA and t

SA, have been chosen to be 1.2 and

1.5 Å respectively, and f has the same definition as eq. (11). Other
values of t�

SA and t

SA can also be used. However, the values that we

chose were the best compromise between obtaining good atomic
surface areas and satisfactory total surface areas. If there were an
infinite number of angular points on each atom and the values of
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t�
SA and t


SA were set equal to zero, the exact SASA result would be
obtained. In practice, however, the 38 angular points that are also
used in the GB calculation provides a modest error versus an exact
SASA calculation and provides an algorithm that is many times
faster than the exact analytic SASA methods currently imple-
mented in CHARMM.21

Results and Discussion

The benchmarks for our GB models are Poisson electrostatic
solvation energy calculations using the SMV definition with a
probe radius of 1.4 Å. All Poisson calculations were performed in
CHARMM21 using the PBEQ module with a grid spacing of 0.25
Å. All of the vdW radii and atomic charges for the protein
structures considered here are from the PARAM2225 force field.

The MV1 model results presented here use the same parameters
that were used in Lee et al.: 	 � �100, � � 0.1, �0 � 0.44, P �
2.92, C0 � �0.5, and C1 � 1.0. The GB–MV2 method was
implemented in a development version of CHARMM, c29a2. All
of the MV2 model parameters used for this study were derived
through trial and error and are optimized for the PARAM2225

force field. It is expected that these parameters are robust with
respect to force field variation, analogous to MV1. Only minor
modifications of some of the parameters would be necessary to
obtain optimal results for other force fields. The benchmark test set
that we used for fitting was the same small protein test set that was
used in Lee et al. plus a few additional proteins and a few
conformations of protein L (2PTL)26 and the villin headpiece
(1VII).27 The parameters that have not been already explicitly
documented above are as follows: 	 � �20, � � 0.5, S0 � 0.7,
P1 � 0.45, P2 � 1.25, C0 � �0.102, and C1 � 0.9085. The value
of 	 that we have chosen is a compromise between smoothness of

the solute volume function and computational speed. Values of S0

in the range of 0.6–0.9 appear to give reasonable results when � �
0.5. Other values of � can be used with appropriate modifications
to S0 because these two parameters are closely related. The grid-
based approach was reparameterized with the new correction fac-
tor [eq. (3)]. The two parameters of the grid-based approach are
C1 � 0.9026 and C0 � �0.008. These parameters were derived by
a least-squares fit to the Poisson-derived Born radii of the original
small protein set used in Lee et al. The grid-based approach used
a grid spacing of 0.2 Å and similar integration parameters as
outlined in Lee et. al, except for two modifications: First, the
number of � angles in the angular integration grid was increased
from 8 to 10; second, a smoothing filter with a 3 � 3 � 3 kernel
was applied to the grid volume in the final step.

To illustrate how our new analytic volume scheme, MV2,
compares to our old model, MV1, we created several simple model
systems and generated 2D contour plots of a planar slice through
each system. The SMV graph was obtained by our grid-based GB
approach with a grid spacing of 0.1 Å and a contour value of 0.5.
A contour value of 0.1 was used for MV1 and a value of 0.5 was
used for MV2. In Figure 2, two spheres with radii equal to 2 Å are
arranged at four different interatomic distances, d. The d � 4 Å
case might correspond to a van der Waals contact between two
carbon atoms. One can see that in the d � 4 Å and d � 5 Å cases
MV2 obtains a closer fit to SMV than MV1. In both of these cases,
the excess interatomic volume of MV1 leads to a systematic
overprediction of Born radii that has to be shifted downward by the
parameter, C0 � �0.5 Å. MV2, on the other hand, has the right
interatomic behavior and requires much less compensation, C0 �
�0.102 Å. However, in the d � 6 Å and d � 7 Å cases MV1 has
more or less the correct behavior, although it fails to produce a
bridge in the d � 6 Å case. On the other hand, MV2 introduces
interatomic artifacts at these two distances that would presumably
induce slightly larger than desired Born radii, especially for the

Figure 2. Contour diagrams of a planar slice through various volume
definitions for 2-Å spheres (e.g., aliphatic hydrogens in the CHARMM
PARAM22 force field25) separated by various internuclear distances,
d: (a) d � 4 Å (touching), (b) d � 5 Å, (c) d � 6 Å, and (d) d � 7 Å.
Solid lines, SMV; broken lines, MV2; dotted lines, MV1.

Figure 3. Contour diagrams of a planar slice through various volume
definitions for typical chemical arrangements: (a) COC single bond;
(b) CO2 carboxylate group. Solid lines, SMV; broken lines, MV2;
dotted lines, MV1.
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d � 7 Å case. In the d � 6 Å case, this artifact may provide a
qualitative compensation for the bridge that is seen in the SMV
contour. The artifact in MV2 is nonetheless present up to inter-
atomic distances of �9 Å and is due to the long-range tail of the
MV2 atomic function. Consider that in the artificial volume region
the two vectors emanating from the atomic centers nearly com-
pletely cancel each other out. This leads to a small denominator in
eq. (7) and hence a large scaling term. Perhaps, the artifact could
be made less prominent by shortening the tail of the MV2 atomic
function.

In Figure 3, two common moieties are presented: the COC
single bond and the carboxylate group, CO2

�. In these two cases,
the MV2 model performs significantly better than MV1. The MV2
contours track the SMV contours well. On the other hand, the
MV1 contours have noticeable bulges that will lead to overpredic-
tion of Born radii. The atomic functions in MV1 could presumably
be made smaller to reduce these bulges. However, this fix would
eliminate the good results obtained for the d � 5 Å and d � 6 Å
cases. The compromise between achieving good results for bonded

atoms as well as nearby atoms is one of the key problems with
solute volumes generated by a simple superposition of atomic
functions.

With a more accurate volume model than MV1, we are now
able to achieve a closer match to Poisson-derived self-polarization
energies, approaching the accuracy of the grid-based procedure.
Figure 4 illustrates how the MV2 technique is superior to the MV1
method for obtaining self-energies. In this illustration, it appears
that the MV2 method is almost as accurate as the grid-based
approach. This accuracy is consistent with the results of the con-
tour plots described above.

Given accurate self-polarization energies, the GB-MV2 model
performs well for absolute and relative solvation energies. In Table
1 and Figure 5, one can see that the MV2 method with a Still
factor, Ks � 8, incurs errors about twice as small as MV1. The
MV1 method was intended to perform equally well with
PARAM19 and PARAM22; thus, it could probably be optimized
a bit better for PARAM22. As seen in Tables 2 and 3, relative
solvation energies for the MV2 model are also about twice as good
as the MV1 method. Again, the MV2 model is about as good as the
grid-based method. As a side note, results that are not shown here
indicate the MV2 model has a similar accuracy for absolute and
relative solvation energies as the Poisson method with 0.5-Å grid
spacing, often considered adequate for typical applications.

Figure 4. Atomic self-polarization energies of (a) MV1, (b) MV2, and
(c) grid- versus Poisson-derived results for the 20 small proteins data
set. The correlation coefficients for the MV1, MV2, and grid-based
methods are 0.995, 0.9992, and 0.9996, respectively. Lines of y � x
are displayed for comparison.

Figure 5. Cumulative histogram of absolute errors for MV1 and MV2
using a 611-protein structure data set. Y-value indicates percentage of
structures that have better than X-value absolute percent error. Value
in parentheses is Ks. Benchmark is SMV-based Poisson calculations
performed with 0.25-Å grid spacing.

Table 1. Absolute Percentage Errors in Electrostatic Solvation Energy
Versus Benchmark SMV–Poisson (0.25 Å).

MV2 (4) MV2 (8) Grid (8) MV1 (4)

Absolute avg. 1.66% 1.15% 0.98% 3.06%
SD 1.35% 0.91% 0.83% 1.95%
Max 10.38% 5.22% 5.52% 12.11%

PARAM22 vdW radii and atomic charges are used. The value of Ks is
denoted in parentheses. The two values of Ks are presented for MV2 so that
one can differentiate between improvements in the self-polarization ener-
gies and the Still equation. Test on 611-protein structure, a diverse set (M.
Feig et al., a work in progress).
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The SASA-1 method that we introduced above was also eval-
uated. The benchmarks in this case are the exact calculations
obtained using an analytic SASA module in CHARMM with a
probe radius of 1.4 Å. In Figure 6, the SASA-1 method incurs
errors for atomic surface areas on the order of � 5 Å.2 Table 4
indicates that errors on the order of 1–2% should be expected for
SASA differences between pairs of conformations. For a protein
like protein L, this error would amount to 1–2 kcal/mol assuming
a hydrophobic energy term of 25 cal/(mol � Å2). Also, as seen in
Table 4, total surface areas are reliable for a span of small and
large proteins, having a mean absolute error of less than 1%.

Finally, we would like to compare the computational times of
the two analytic GB models that have been discussed in this work.
In Table 5, one can see that the MV2 model is a bit slower than
MV1. Also, the SASA-1 term is estimated to take a negligible
amount of extra computational effort.

Discussion and Conclusions

The GB–MV2 model is a significant improvement in accuracy
over the previous MV1 model of Lee et al. It is one of the most

accurate analytic GB formalisms designed to mimic SMV-based
Poisson solvation energies. However, comparisons with other GB
methods should be performed to verify this conjecture.

It should be noted that our new technique is probably two to
three times slower than most pair-based GB schemes.2–4,28 Com-
pared to Poisson method calculations of comparable accuracy, that
is, 0.5-Å grid spacing, the GB–MV2 method is still quite a bit
faster. For protein systems of about 100 amino acids, we find that
the GB–MV2 procedure has about the same computational cost per
timestep as an optimally prepared explicit solvent calculation, for
example, one using a truncated octahedral volume with periodic
boundary conditions and particle-mesh Ewald for treatment of
long-range electrostatic interactions. Nonetheless, unlike explicit
solvation calculations, GB has no friction arising from explicit
water molecules and a great deal fewer degrees of freedoms. Thus,
GB has much better efficiency per timestep for conformational
sampling of the solute. Even so, there are several ways to speed up
our method for molecular dynamics simulations: using a multiple
timestep approach,29 shortening the tail of the atomic function, and
reducing the integration grid size.

The favorable performance of the GB–MV2 model further
demonstrates that an analytic volume model that closely matches
the SMV definition will provide accurate self-polarization energies
and thus more accurate total solvation energies. The MV2 model
is by no means identical to the SMV, but it is a sufficiently good
approximation to obtain accurate self-polarization energies. It is

Figure 6. Scatter plots of atomic surface areas comparing the SASA-1
method versus the exact SASA calculation for protein L (2PTL).
PARAM22 vdW radii are used. A y � x line is shown for comparison.

Table 2. Errors (kcal/mol) in Relative Energy Differences between all
Pairs of 215 Conformations of Protein L.

MV2 (4) MV2 (8) Grid (8) MV1 (4)

Absolute avg. 10.04 9.24 9.56 19.72
SD 7.34 6.86 7.53 14.44
Max 42.34 43.05 47.84 79.94
Slope 0.980 0.988 0.980 0.918
Intercept �1.738 �0.833 �1.882 �3.531
R 0.9944 0.9951 0.9946 0.9789

PARAM22 vdW radii and atomic charges are used. The value of Ks is
denoted in parentheses. The slope and intercept of the best-fit line between
GB energy pairs and Poisson energy pairs are also reported. R refers to the
correlation coefficient. For reference, solvation energies for this data set
range from about �1000 to �1400 kcal/mol.

Table 3. Errors (kcal/mol) Versus SMV–Poisson (0.25 Å) for Relative
Energy Differences of All Pairs of 120 Conformations of 1VII.

MV2 (4) MV2 (8) Grid (8)
MV1
(4)

Absolute avg. 4.44 4.12 3.63 9.91
SD 3.46 3.32 2.77 7.48
Max 22.85 25.17 17.92 49.40
Slope 1.006 1.003 1.007 0.9902
Intercept 0.171 �1.175 0.393 3.988
R 0.9990 0.9992 0.9994 0.9957

PARAM22 vdW radii and atomic charges are used. The value of Ks is
denoted in parentheses. The slope and intercept of the best-fit line between
GB energy pairs and Poisson energy pairs are also reported. R refers to the
correlation coefficient. For reference, solvation energies for this data set
range from about �400 to �900 kcal/mol.

Table 4. SASA: Percentage Errors of SASA-1 Approximation vs. Exact
for (a) Relative Differences of All Pairs of 215 Conformations of
Protein L, (b) All Pairs of 120 Conformations for 1VII,
and (c) a 611-Protein Test Set.

Protein L 1VII Protein set

Absolute avg. 1.21% 1.59% 0.82%
SD 0.96% 1.18% 0.68%
Max 6.97% 7.21% 3.53%

Formula for unsigned percentage error of a pair of structures

i, j��100% � [�
i
SASA-1 � 
j

SASA-1� � �
i
exact � 
j

exact�/ 1

2
�
i

exact � 
j
exact�]�.
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definitely an improvement over a simple sum of atomic functions
in the regimes where two spheres interpenetrate or are nearly
touching. The one caveat so far is that the MV2 model introduces
small artifacts at a certain range of interatomic distances.

The MV2 model is not limited to GB applications. Analytic
Poisson models can adopt the MV2 volume definition to obtain
better agreement with Poisson calculations using the well-estab-
lished SMV. The MV2 model solves the important problem of
removing gaps in the interior of proteins that would not be large
enough to fit a water probe.

The analytic surface area method that we introduced in this article
is similar to other pair-based methods in the literature. However, it is
an exact method in the limit of an infinite number of angular integra-
tion points. For a finite number of integration points, SASA-1 yields
adequate and adjustable accuracy for use as a hydrophobic/cavitation
surface area energy term. It is also much faster than an exact surface
area scheme when used in conjunction with the lookup table already
generated for our MV1 and MV2 schemes.

In future publications we will assess the properties of the
GB–MV2 model applied to general molecular dynamics simula-
tions and to problems of specific interest such as ligand binding,
pKa calculations, and protein folding. We will also consider var-
ious modifications of the Still GB formula that may be used to
obtain even better correspondence with Poisson calculations.
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MV2 56.80 14.1�
MV2
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SASA-1 onlya 1.13 0.3�

aSASA-1 time is estimated. All timing runs were performed on a 250-MHz
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